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Abstract

Membrane filters are used in various industrial engineering processes and one of the most significant applications is
water purification, where target particles, colloids and macromolecules, are removed from the water flow by applying
microfiltration. Hence mathematical models to predict their efficacy are potentially very useful, as such models can
suggest design modifications to improve filter performance and lifetime. Many models have been proposed to describe
particle capture by membrane filters and the associated fluid dynamics, but most of such models are based on a very
simple structure in which the pores of the membrane are assumed to be simple circularly cylindrical tubes spanning the
depth of the membrane. Real membranes used in applications can have much more complex internal structure, with
interconnected pores that may branch and bifurcate, and pore-size variation across the membrane. However, during
the filtration process, membrane fouling due to the block of large particles and deposition of small particles occur
and decreases the membrane performance. Thus, the membrane’s permeability decreases as the filtration progresses.
Two driving mechanisms can be considered an here: (i) constant pressure drop across the membrane specified; and (ii)
constant flux through the membrane specified. In the former case the flux will decrease in time as the membrane becomes
fouled; in the latter, the pressure drop required to sustain the constant flux will rise as fouling occurs. Considering
elasticity to sub-branches in constant flux scenario, in some stage of filtration process, the radius of pores may tend to
expand due to the effect of high pressure on the elastic sub-branches, which is not negligible.

1 Introduction

Membrane filters are crucial in many industrial engineering processes. Most importantly, they are used for water pu-
rification, but other applications include air and other gas purification, treatment of radioactive sludge, and even beer
purification [1]. They also show up in the biotech field, where they are used in artificial kidneys to remove toxic sub-
stances [2]. Filtration was also used to help brew your cup of coffee this morning.

Depending on the application, membrane filters could be made of various materials and geometries [1]. A few different
structures are shown in figure These arise from finding a balance between the control of the particle removal and
minimization of the energy requirements. For consideration, a membrane with small pores such that all of the particles
are filtered will require a large amount of energy to as there will be a high resistance for the flow. Hence, it is commonly
used in the industry that absorption is to be responsible for a significant portion of filtration, that is, the deposition of
small particles on the pore walls within membrane. That way, membranes with larger pores operating with lower pressures
can be used.

The flow through membrane filters is often modeled by studying the flow through rigid pores, one of which is shown
in figure [2| using Darcy’s Law. This is assuming a low Reynolds number and gives the dependence of the flux through
the pores from pressure. It is also usually assumed that the pores are axisymmetric, i,e, the symmetric about the axis.
If the cases where the pores are treated as an elastic system, it can be assumed that the filter is the same material, and
hence, has the same elastic properties as the membrane. This is a property to consider since some industrial membranes
have layers of different material filters.

The goal of this work is to analyze the effects of pressure on the pore size of the filters and the concentration throughput
using the preceding assumptions. In particular, we assume a superficial Darcy velocity of the fluid. The model is applied
to two different cases: thick-walled cylinders and thin-walled cylinders, both of which are considered elastically. Therefore,
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to derive the pore radius deformation, we use the Donnell shell theory [4] for thin-walled cylinders whereas we use the
cylindrical coordinate methods for thick-walled deformation @

Figure 1: Membrane filters

2 Thick-Walled Cylinders

2.1

The thick-walled cylinder can be seen as shown in figure 2. Here, X is the axial direction, C(X; T ) denotes the concentration
of small particles, A(X; T) is the radius of the pore at X and time T, D is the length of the pore, and 2W denotes width
and depth of an element of the membrane containing a single pore. We describe the deformation of the elastic membrane
using Navier-Cauchy equation
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where = (Qgr;Q ;Qx ) is the displacement vector in cylindrical coordinates, denotes the density, 1 and 2 are Lamé’s
first and second parameters, respectively. Lamé’s parameters are given by
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where E is Young’s modules, and is Poisson’s ratio.
Let body force H = 0, as we will consider the force due to pressure at the boundary conditions. Assuming an
elastostatic condition (the condition of equilibrium, in which all forces on the body sum to zero), we have
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Putting equation , and together, it follows that
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Write the governing equation componentwisely in cylindrical coordinates,
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since divergence operator and Laplacian operator in cylindrical coordinates has the form
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Figure 2: Schematic showing the single unit of membrane, assumed repeated in a square lattice. Small particles, at
concentration C(X;T), which enter pores and deposit within, are indicated, as are large particles, which block the pore
inlet.

Note that 2 = 0 due to the axisymmetric geometry. Denote n the normal vector to the pore wall, and note that it is
parallel to r(R A) = ar A);O; @(%XA) =(1;0; @). Furthermore,
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We would like to scale all of the variables to render the equations dimensionless. We introduce the following change of
variables

X =Dx; A=Wa="Da;, R=Wr="Dr; (Qr;Q ;0 )=W(1;1 ;L) (Z;P):i8 Dv(aiore(;p); (13)
Where"::% 1.

The axisymmetric assumption gives 2 = 0 and therefore there is no -dependency. We rewrite equations , @, and

using , @ and and get
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Extracting the leading order terms of equation (14]) and (16)), we get
1 @ @!Or !Or 1 @
= 2 2= (r1 =0 1
r@r r ar 2 T r@r(r or) =0; (17)
1 @ @!Ox
= — 1
r@r r or 0 (18)
The boundary conditions are
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which become
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The clamped boundary conditions take on the form
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Dening y:= ! o andy®:= % allows us to obtain the ordinary di erential equation
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3 Thin-Walled Cylinders

To analyze the ow through the membrane pore, we consider cylindrical geometry having a much smaller cross-sectional
area than the \stream-wise" dimension and a negligible thickness compared to the cross-sectional dimension. In other
words, apart from the assumption of steady and axisymmetric ow, we assume that the length,D, and the pore radius,
A, satisfy A=D 1. This is shown in gure

When analyzing the membrane pore, we make use of Donnell's Shell Theory which takes into account the bending of
the membrane pore as well [4]. Though we skip the intricate details associated with the equation expressing the momentum
balance, the reader is encouraged to consult DYM| |5]. Also, the thickness of the pore, , is assumed to be small compared
to the pore radius, i.e., =A 1.

3.1 Donnell Shell Equation

Following Anand and Christov [4], we introduce elasticity in our system with the following equation
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in which we substitute the dimensionless variables
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Figure 3: Schematic showing the single unit of membrane with a thin shell. Small particles, at concentratiorC(X;T),
which enter pores and deposit within, are indicated, as are large particles, which block the pore inlet.
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For our thin-walled and slender shell, the relationships A and A D indicate that the partial derivative term can
be neglected to the leading order in =A and A=D. It follows that the pore radius deformation from the terms left over
is given by

(33)
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This relationship will dictate how the pore expands as its radius and the uid pressure change.

4 Computations

Our goal is to use the current pore radius and pressure values to update the radius. We begin by computing the particle
concentration by resolving the ordinary di erential equation
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and the concentration is employed in nding the radius by solving
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We use the obtained quantities to determine the number of unblocked pores using
" #
dn 1 n !
g n n+ T+ & 1 g(a) . (37)

and, in turn, we solve the following integral for the pressure
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Now we seek the radial de ection value,! ;, which we then use in obtaining the new pore radius. There are two cases:

1. If the thick-wall model is assumed, we use the right-most of equations equation (30). The updated radius is obtained
with the previous radius and pressure values:
a atlo _,=a+ —: (39)

2. If the thin-wall model is assumed, we use instead equation (34). The updated radius is obtained with the previous

radius and pressure values:
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Equipped with the next-step radius, we repeat the entire process above to uncover the subsequent radii.
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