INTRODUCTION

I am working on the inverse scattering problem for anisotropic inhomogeneous media with voids. My main
ogoal is to study the inverse problem of determining the material properties of the anisotropic medium
and /or the size and location of the void. This is an important Applied Mathematics problem since it arises
in nondestructive testing of exotic materials.

DIRECT PROBLEM

Let D C R? be a bounded simply connected open The Formulation of the Direct Problem is:
set with a Lipshitz boundary and let Dy C D with a

boundary that is also Lipshitz. Find (u®,w) € H}

loc

(R?\ D) x H'(D) such that:

Aw+Ekw=0 in D (1)
V- -Alz)Vw+ k*n(z)w=0 in D, (2)
Au® +k*u*=0 in R*\D (3)

= +
w~ = w"' and 8;; = (?;;]A on 0D, (4)
w—u®=e"% on 9D (5)

S rkx-d
ow  Ou _ Oe on 9D (6)

e Let A(r) be a symmetric matrix with entries Jva  Ov v
a;j(r) € L(D \ D) lim ﬁ(au ikzﬁ) =0 (7)
T 00 or

o { - R(AE>alé|? forall E € C2 and x € D\ D,

Theorem 1: There exists a unique solution to the

o {-J(A)E<Oforall € C? and x € D\ D,

BVP (1)-(7) depending continuously on the data.

e Assume n € L>®(D \ D;) such that (n) > 0.

FAR-FIELD OPERATOL

The Inverse Problem is to infer information about
the domain and/or coefficients of the BVP (1)-(7)
given the far field operator.

The scattering field ©® has the asymptotic expansion:

ezkr

v?

Uso 18 called the far field pattern of the scattering
problem. With ¢ incident direction and 6 observa-
tion direction. We now define the tar-field operator:

u’(r,0) = Uoo (0, 0) + O(r~3/%) as r —

Theorem 2: The far field operator corresponding to
the scattering problem (1)-(7) is injective with dense
range iff B nontrivial (w,v,) solving:

27T

(Fg)(6) == / oo (60, $)9() dd Aw+Pw—0 in D

0 V- AVw+knw=0 in Do
The associated Herglotz function is of the form: Av, + kv, =0 in D
ow~  OJw™
~ =w" and — 0D
) . w w and — = on 1
vy (z) = /ezkz:c-dg(¢) d¢. were d = (cos ¢, sin @) w = v, and ow _ 0vg on OD
0 aVA Ov
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TRANSMISSION EIGEN

The interior TEVs are k € C s.t. d nontrivial (w, v):

Theorem 3: Assume that A — I and n — 1 have

Aw+kw=0 in D | | .
V- -AVw+knw=0 in D, different signs then the set of TEVs is non-empty,

rovided |D+| 1s sufficiently small.
Av+Ekv=0 In D P Dy It 7/

_ N ow~  Ow™
w~ = w" and 5, 90n on JdD, Theorem 4: Assume that D1 C D} with D, A and
M I n fived. Also let A— 1 and n—1 have different signs.
w = v and o T on 0D Then we have that the first TEV 1is an increasing

VA UV

function of void size:
We are interested in the TEVs since the eigenvalues
hold information about A, n and the void D;.

TEVS IN

The radiating fundamental solution to Helmholtz

ki1(D1) < ki(Dy)

NUMERICA
Let 0 < e <1 with D= B(0;1) and D; = B(0; ¢).

equation in R? is given by ®(z,y) = ﬁHSl) (k|lz—yl),
and let ®..(-,-) be the far field pattern of ®(x,y). We see the monotonicity of the 15* TEV w.r.t. the

size of the void in the chart below for n = 1:

We assume that in some neighborhood Ns(9D) of

the i 9D that eith ce=02]e=0.1e=0.05]e=0.01
e boundary at either: —

A=zI] 2534 | 2.4837 | 2.4852 2.4849

o Alx) < A*I <T and n(x) <n* <1 A= 7187883 | 8.0852 | 7.9924 | 7.9844

e A(x) > Al > 1T and n(z) > n, > 1 Using separation of variables one can see that k =

2.4887,5.2669 are TEVs for A = 21 and € = 0.1.

Below is a plot of -y over the interval |2, 6].
Then we have the following result. weEap 191122 (0,2m) OV val 2, 6]
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Theorem 5: Let k be a Real Transmission Eigen-
value and assume that:

6 | ¥: 5276
¥: B.ESY

lim || Fq, s — ®oc(-, 2)|| 7200 9y = O.
lim [|Fge.5 — Boo(, )l 2(0.20) = 0
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Then for almost every z € D, (%in% g..5]| = oo.
%

Ayeraced norm of the Herglotz kernel

X /JJE‘

2 3 < o G
wWiave numberk

This result suggests that if we solve the far field
equation and plot ||g||r2(02x) verses |Kmin, kmaz)
then we should see spikes at the TEVs.

Special Thanks to: P. Monk and J. Sun
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