ABSTRACT

We study the scattering of acoustic waves in free space when hitting
bounded obstacles with different material properties. The problem
can be reformulated using a time-domain version of the Costabel-
Stephan system of BIE, using two unknowns on the interfaces and the
entire collection of operators from the Calderon projector. We show
that there is a well posed (stable in time) dynamical system that de-
scribes the system of integral equation, and that well posedness is not
atfected by Galerkin semidiscretization. Finally, we derive error esti-
mates for a full discretization of the problem, using Galerkin methods
in space and Convolution Quadrature in time.
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Choose two unknowns to be

O(t) := v~ u(t).

The solution can be represented from the boundary as
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Plug this into the boundary conditions and utilize the jump conditions
of potentials to obtain the Costabel-Stephan BIE system
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Finally, the problem is solved by substituting )\, ¢ back into the bound-
ary representation.
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DISCRETIZATION IN TIME AND SPACE

In time, we discretize by BDF2 based Convolution Quadrature.

In space, we use Galerkin semidiscretization which requires two se-
Y, ¢ H'Y2(T"). Find

quences of closed subspaces X;, ¢ H~1/2(T),
)\h R — Xh7¢h R — Yh such that

<:uh7 (Vc\/a + OéV) * >‘h> _ <:U“h7 (’Cc\/a + ,C) K ¢h>
1

— <:uh7 V % 8uuzn> -+ <:uh7 (51 o IC) * /yuzn>

> + <(Wc\/a + a_lw) * ¢h7 Sph>
1

<OA_1(§I —+ j) * 8uuin7 Sph> T <()4_1W * YUWUjn Sph>

Vun € Xy,

Vgoh €Y.

Finally, u;, is computed from )\, and ¢}, using the integral formula.

Up = Seva * A — Doz * On
—S S (Oé)\h — Byum) -+ D % (Qbh — /Y’Ufzn)

in )_,
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NUMERICAL EXPERIMENT 1

] | The domain in the numerical experiment is
L ) | shown on the left. The incident wave is a plane
os| C | wave heading in the SE direction:

O_

jz . - ¥ win, = sin(ct—x-d)H (ct—x-d),d = (\2, \2)

| where H(y) = (32y° + %Y%) Xy<k + Xy>k 1S
intended for the data to take off smoothly. The constants ¢ = 1,a =
1,k = 0.5. The exact solution to the problem is

A = al/“i’fl?

¢ = YUin, ulo, =0, ulo = uip

10" ¢

We used the deltaBEM to get
the solution up till time T =
5. The error of A\, ¢ and the
solution on five points(marked
on the graph above) inside the
domain are checked at the last
time step. The graph on the
right shows that the error de-
creases at order two.
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NUMERICAL EXPERIMENT 2

In the second experiment, the kite shaped object is hit by a plane wave

Uin =sin(ct —x-d) H(ct —x-d), d=(1,0)

The constants ¢ = 2/3,a = 3/2,k = 0.5. The following pictures are
again computed using the deltaBEM method. We can clearly see the
exterior wave goes a little faster than the interior wave.

Figure 1: t=0 Figure 2: t=1
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Figure 3: t=2.25

Figure 4: t=5

THEORETICAL ERROR ESTIMATE

Denote the error as €, = (u;, — u)|q_ and introduce the space
WER; X) = {8 € C*~1(R; X) : suppf3 C [0,00), %) € L, (R; X) |
Proposition 1. If ¢ € W2(R, HY/2(T")), A € W2(R, H/2(T")), then

en, € CL(R; L*(RM)) N CL(R; HY(R™NT))  and

en(t)lls e < C (Ha(07 6, t{H'/2(D)) + Ha(07"A,t| H /(D))

where
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