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Graphs and Matrices

Let G be a graph with edge set E(G) and vertex set V (G). The adjacency

matrix of G is defined as

A = [aij ]

where aij = 1 if ij ∈ E(G) and aij = 0 otherwise.

The eigenvalues of A are also called the eigenvalues of the graph G, denoted by

λ1(G) ≥ · · · ≥ λn(G).
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Median Eigenvalues

Two median eigenvalues are denoted by λH(G) and λL(G), where H = bn+1
2 c

and L = dn+1
2 e.

• HOMO-LUMO gap: ∆ = λH − λL.
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Median Eigenvalues

Conjecture (Fowler & Pisanski, 2010) There are finitely many

subcubic graphs with λH , λL /∈ [−1, 1].
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Bounding Median Eigenvalues: Graph Partition

Interlacing Theorem: Let A be an n× n symmetric matrix with eigenvalues

λ1 ≥ · · · ≥ λn. Let B be an (n− k)× (n− k) symmetric minor of A with

eigenvalues µ1 ≥ · · · ≥ µn−k. Then λi ≤ µi ≤ λi+k.

Graph Partition: A partition {V1, V2} of V (G) is unfriendly if every vertex in

V1 has at least as many neigbhors in V2 as in V1. A partition is unbalanced

if |V1| 6= |V2|.
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Bounding Median Eigenvalues: Graph Partition

(Mohar, 2012) If G is subcubic with an unbalanced unfriendly partition,

then λH , λL ∈ [−1, 1].

An unbalanced unfriendly partition does not always exist. For example, the

cube — Q3 does not have an unbalanced unfriendly partition.
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Bounding Median Eigenvalues: Graph Partition

(Mohar, 2015) Every connected subcubic graph G has

λH , λL ∈ [−
√

2,
√

2].

(Mohar, 2016) Every connected bipartite subcubic graph different from

the Heawood graph has λH , λL ∈ [−1, 1].

Conjecture (Mohar, 2012) Every plane subcubic graph has

λH , λL ∈ [−1, 1].
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Bounding Median Eigenvalues: Graph Partition

(Y., 2017+) Let G be a 2-connected plane cubic graph different from K4.

Then G has an unfriendly unbalanced partition if and only if G has no

4-cycle 2-factor.

(Y., 2017+) Let G be a 2-connected plane cubic graph without a 4-cycle

2-factor. Then λH(G), λL(G) ∈ [−1, 1].
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Bounding Median Eigenvalues: Graph Square

The square of a graph G is another graph with the same vertex set as G and

two vertices are adjacent if they have distance two in G, denoted by G2.

Adjacency matrix A
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Bounding Median Eigenvalues: Graph Square

The square of a graph G is another graph with the same vertex set as G and

two vertices are adjacent if they have distance two in G, denoted by G2.

Adjacency matrix B∗ Adjacency matrix Bo
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Bounding Median Eigenvalues: Graph Square

Let G be a bipartite graph with adjacency matrix A =

[
0 B

Bᵀ 0

]
. Denote

B∗ = BBᵀ and Bo = BᵀB.

A2 =

[
B∗ 0

0 Bo

]

max{|λL|, |λH |} ≤ min{
√
λmin(B∗),

√
λmin(Bo)}
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Bounding Median Eigenvalues: Graph Square

A hexagonal system (graphene) is a bipartite plane graph with only hexagon as

inner faces.

(Klein, Yang and Y., 2015) A hexagonal system has median eigenvalues

−
√
n2
n
≤ λL ≤ λH ≤

√
n2
n
.
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Bounding Median Eigenvalues: Graph Square

Ring-type hexagonal systems: ∆ ≤
√

(8x− 4)/(3x2 − 3x+ 1) where x is

the number of rings.

Parallelogram-like hexagonal systems:

∆ ≤ 2
√

(M +N + 1)/(MN +M +N).
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Bounding Median Eigenvalues: Graph Inverse

Rayleigh-Quotient method:

λ1(G) = max
x∈Rn

<x,Ax>
<x,x> ;

λn(G) = min
x∈Rn

<x,Ax>
<x,x> .

The spectrum of a graph G is symmetric about the origin if and only if G is

bipartite graph.

If A is invertible, then λH(G) = 1/λ1(A−1) and λL(G) = 1/λn(A−1).

For non-bipartite graph, the method works as long as the spectrum splits

about the origin (i.e., half number of eigenvalues are positive and half of

them are negative), such as leapfrog fullerenes.
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Graph Inverse

(Harary, 1962) Let G be a connected graph and A, the adjacency matrix

of G. Then A is invertible and its inverse is an adjacency matrix of a graph

if and only if G is K2.

(Godsil, 1986) Define inverse for bipartite graphs G with unique perfect

matching.

A bipartite graph G is invertible if A is invertible and diagonally similar to a

non-negative matrix (i.e. there exists a diagonal matrix D with entry in

{0, 1,−1} such that DA−1D is an adjacency matrix of a graph).
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Graph Inverse

(Simon & Cao, 1989) Let G be a bipartite graph with a bipartition

(R,C). Let D be the digraph obtained from G by orienting edges from R to

C and then contracting all edges in M . Then D is acyclic.
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Graph Inverse

For the digraph D, define a poset (P,≤) such that P = V (D) and ai ≤ aj
if and only if there is a directed path from ai to aj ,

(M(x))ij :=


1 if aiaj is an arc of D;

x if aiaj /∈ E(D) and ai ≤ aj in P;

0 otherwise.

M(1) is the Zeta-function matrix of P and M(0) = B is the adjacency

matrix of D.

(Lovász, 1979) M−1(1) is the Möbius-function matrix of P and M−1(0)

is the inverse of bipartite adjacency matrix of G .
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Graph Inverse

Problem (Godsil, 1986) Characterize all invertible bipartite graphs G

with a unique perfect matching.

(Godsil, 1986) All trees with a unique perfect matching is invertible.

(Simion & Cao, 1989) Every bipartite corona graph G is invertible.

(Akbari & Kirkland, 2007) Characterize all invertible unicycle graphs.
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Graph Inverse

Definition. Let (G,ω) be a weighted graph with ω : E(G)→ F\{0}
where F is a feild. Let A be the adjacency matrix of (G,ω) defined by

Ai,j = ω(ij) if ij ∈ E(G) and 0 otherwise.

If A is invertible, then its inverse is symmetric and hence is an adjacency

matrix of a weighted graph, denoted by (G−1, ω−1).
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Graph Inverse

A spanning subgraph S is a 2-matching if every component of G is either K2 or a

cycle (including loop). Let S = C ∪M ∪ L where C = {all cycles of S},
L = {all loops of S} and M = {all K2 of S}.

(Harary 1967) Let (G,ω) be a weighted graph and A the adjacency

matrix. Then

det(A) =
∑
S

2|C|ω(C ∪ L) ω2(M)(−1)|C|+|L|+|E(S)|,

where S = C ∪M ∪ L is a 2-matching.
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Graph Inverse

(Klein, Mandel, Yang & Y., 2017) Let (G,ω) be a weighted graph

with adjacency matrix A, and

Pij = {P |P joins i and j such that G− V (P ) has a 2-matching S}.

If (G,ω) has an inverse (G−1, ω−1), then

ω−1(ij) =
1

det(A)∑
P∈Pij

(
ω(P )

(∑
S

ω(C ∪ L) ω2(M) 2|C|(−1)|C|+|L|+|E(S)∪E(P )|))
where S = C ∪M ∪ L is a 2-matching of G− V (P ).
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Graph Inverse

Let G be a bipartite graph with a unique perfect matching M . Then G has

an inverse (G−1, w−1) such that

w−1(ij) =

{ ∑
P (−1)|E(P )\M | if i 6= j;

0 if i = j.

where P is an M -alternating path of G.
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Graph Inverse

(Yang & Y., 2015+) Let G be a bipartite graph with a unique perfect

matching M . Then A−1 is diagonally similar to a non-negative matrix if and

only if G does not contain an odd flower.
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Bounding Median Eigenvalues

T sub(T ) st(T )1

Stellations of trees with at least two vertices is invertible and has split

spectrum.

The median eigenvalues of a stellated tree satisfy −1 ≤ λL < 0 < λH ≤ 1.

1J.J. Sylvester, Am. J. Math. 1 (1878) 64-104.
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Bounding Median Eigenvalues

A corona graph has an inverse (G,w) with w : E(G)→ {−1,+1} and split

spectrum.

The median eigenvalues of a corona graph satisfy −1 ≤ λL < 0 < λH ≤ 1.
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Bounding Median Eigenvalues

(Pisanski & Fowler, 2010). Every tree with maximum degree at most

3 has median eigenvalues in [−1, 1].

(Wu, Yang & Y., 2017+). Every bipartite graph with at most one

perfect matching has median eigenvalues in [−1, 1].
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Problems

Conj (Mohar): Every plane subcubic graph has λH , λL ∈ [−1, 1].

Conj (Fowler & Pisanski): There are finitely many subcubic graphs

with λH , λL /∈ [−1, 1].

Problem: Which graphs maximize HOMO-LUMO gap?

Problem: Which graphs have split spectrums?
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THANK YOU!
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