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Theorem (Neumaier 1981)

Let T be edge-regular with a regular clique.
Suppose T is vertex-transitive and edge-transitive.
Then T is strongly regular.
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Theorem (Neumaier 1981)

Let T be edge-regular with a regular clique.
Suppose T is vertex-transitive and edge-transitive.
Then T is strongly regular.

strongly regular
srg(10,6,3,4)
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Question (Neumaier 1981)

Is every edge-regular graph with a regular clique strongly
regular?
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Question (Neumaier 1981)

Is every edge-regular graph with a regular clique strongly
regular?

Answer (GG and Koolen 2017+)
No.
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Question (Neumaier 1981)

Is every edge-regular graph with a regular clique strongly
regular?

Answer (GG and Koolen 2017+)

No. There exist infinitely many non-strongly-regular,
edge-regular vertex-transitive graphs with regular cliques.
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Jack says "Hi
|

Jack Koolen
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Cayley graphs
» Let G be an (additive) group and S C G a (symmetric)
generating subset, i.e., s €S = —s € Sand G = (S).

» The Cayley graph Cay(G, S) has vertex set G and edge

set
{{g,§+s}:g€GandseS}.
Example
I' = Cay(Zs,S) Generating set S = {—1,1}
2 0
_ 21
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A construction Generating set S
» T = Cay(Z5 5 7Z7,S)

(01,0)  (01,+1)
(10,0)  (10,+2)
(11,0)  (11,43)
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A construction
» T = Cay(Z2 3 Z,,S)

» T is edge-regular (28,9,2):
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A construction
» T = Cay(Z2 3 Z,,S)

» T is edge-regular (28,9,2):

(00,0)
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A construction

» T = Cay(Z2 3 Z,,S)

(01,0)  (01,+£1)
| (10,0) (10, %2)
» T is edge-regular (28,9,2): (11,0)  (11,+3)
' (10,0) I
e N
(01,0) (11,0)
(00,0) — (11,3)
(01,1) (10,2)
(10,-2) _(01,-1)
\_ (11, -3) J

Generating set S
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A construction

» I = Cay(Z% 4 Z,,S)
» T is edge-regular (28,9,2);

» I has a 1-regular 4-clique:
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A construction Generating set S

» T = Cay(Z2 6 Z,,S) (01,0)  (01,41)
» T is edge-regular (28,9,2); (10,0)  (10,+2)
(11,0)  (11,+3)

» I has a 1-regular 4-clique:

(01,0)

e N (%, —b)
(00,0) + (10,0) (a,b) b#0
N e
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A construction Generating set S

> I'= Cay(2Z3 ©Z7,5) (01,0) (01, +1)

» T'is edge-regular (28,9,2); (10,0)  (10,+2)

» I has a 1-regular clique of order (11,0) (11, +3)
4;

» I is not strongly regular:
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A construction

Generating set S

> I'= Cay(2Z3 ©Z7,5) (01,0) (01, +1)
» T'is edge-regular (28,9,2); (10,0)  (10,+2)
» I has a 1-regular clique of order (11,0) (11, +3)
4;
» I is not strongly regular:
4 (11,0) )
(01,0)
(01,1)
(00,0) (11,3) (10,0)
(10/ _2)
(01,-1)
(11,-3)

N (10,2)
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A construction
I' = Cay(Z5 ® Z7,S)

v

v

v

4;

v

[ is edge-regular (28,9,2);

I' has a 1-regular clique of order

Generating set S

(01,0)  (01,+1)
(10,0)  (10,+2)

(11,0)  (11,+3)

I' is not strongly regular:

4 o (11,0) )
(11’3) (0L1) 7
(00,0) ——— (io _ ;) (10,0) |
' (01, —1) |
(11, -3)
N (10,2) 7

- ——(10,1)

- (11,1)
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A construction
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Some infinite families

v

Generalise: Z3®Z; to Zcy1)2® Zio IFy.

v

Works for g =1 (mod 6) such that the 3rd cyclotomic
number ¢ = 02(1,2) is odd.

v

Then there exists an erg(2(c + 1)g,2¢ + ¢, 2c) having a
1-regular clique of order 2¢ + 2.

v

Take p =1 (mod 3) a prime s.t. 2 Z x° (mod p).
Then there exist a such that cga(l,Z) is odd.
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An example in the wild

Siberian Electronic Mathematical Reports
http://semr.math.nsc.ru

Tom 11, cmp. 268-310 (2014) VK 51917
MSC 05C

K3JIU-AE3A 'PA®bI, UMEIOIIVE MEHEE 60 BEPILIIMH

C.B. F'OPSIMHOB, J1.B. IHAJIATMHOB

ABsTRACT. Deza graph, which is the Cayley graph is called the Cayley-
Deza graph. The paper describes all non-isomorphic Cayley-Deza graphs
of diameter 2 having less than 60 vertices.

Keywords: Deza graph, Cayley graph, graph isomorphism, automorphism
group.

1. BBEAEHME

B sroit craThe Mb1 HaunHaeM usyuenne rpacdos [lesa, koTopsie siBisoTes rpada-
s Koo, Ppacer esa npunsito paceMaTpuBath Kak 06obmEenne CHILHO peryssp-
HeIX rpacdos. B psize uccresosannit 66110 BRsicHeno, uto rpader [lesa nacueayior
HEKOTOpBIe CBOCTBA CHJIBHO pery;sipubix rpacgos. Hanpuwep, B (1] nokasano, wro
BepIIMHHAS CBSI3HOCTD rpacda Jlesa, MoyueHHOro 3 CHIBHO Pery/IsipHoro rpada ¢
IOMOIIBIO MHBOJIOIHH, COBIIAIAET C BAJETHOCTBIO.

erg(24,8,2) with a 1-regular clique
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Open problems

» Smallest non-strongly-regular, edge-regular graph with
regular clique

» All known examples have 1-regular cliques

» Find general construction that includes erg(24,8,2)
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Willem Haemers,

Felix Lazebnik,
and Andrew Woldar;

Congratulations!
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